A Resourcefor Free-standing Mathematics Qualifications

Areaunder agraph

The areaunder a graph often gives useful information.

Area undera graph

Veocity-time graphs

Constant velocity

The sketch shows the vel ocity-time graph for acar that is
travelling along amotorway at a steady 70 mph.

The areaunder this graph is rectangular in shape.
Theshadedarea=2" 70 =140

Thisisthedistancein milestravelled in 2 hours when the
speed is 70mph.

v mph

70

Ny,

0 2 t hours

Area under avelocity-time graph = distance travelled.
v mph

Constant acceleration
Now consider the case when acar is accelerating steadily
from O to 45 mph in 10 seconds.

The graph shows this situation, but note that the velocity is
in miles per hour whilst the timeisin seconds. The units
need to be converted in order to find the distance travelled.

_ 45° 1760

45 mph = 22 yards per second.

The distance travelled is given by the area under the graph:

Distancetravelled = 10 2 _ 110 yards.

A
45
(22yd/s)
0 10  t seconds

(1 mile = 1760 yards)

Notethat thisisequivalent to
the car travelling for 10
seconds at the average speed
of 11 yards per second.

I n each case sketch a velocity-time graph and find the distance travelled in miles or yards:

1 Cartravelsat asteady velocity of 65 mph for 3 hours.

2 Car decelerates steadily from avelocity of 36 mph until it stops 5 seconds |ater.

3 Car accelerates steadily from 30 mph to 60 mph over a period of 6 seconds.

4  Car decelerates steadily from 70 mph to 40 mph over a period of 9 seconds.
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Variable velocity and acceleration
Thetable and graph give the velocity of acar asit
travels between 2 sets of traffic lights.

An estimate for the areaunder this graph can be
found by splitting it into strips as shown.

The strips at each end are approximately
triangular in shape and each strip betweenthemis
approximately in the shape of atrapezium.

Areaof A = 2°5 »5

Areaof B = @ » 13

2(8+9)

Areaof C= » 17

Total area »5+13+17+17+13+5
=70

Areaunder agraph

t(s) |oj2]4a]6|8] 10| 12
vims?) [o|5]|8[9[8] 5[ 0
vims?

A

0 2 4 6 8 10 12
t seconds

Thisisasimplified model of this
situation. In practice the changein

velocity isunlikely to be so smooth and
symmetrical.

Note that better estimates can be found

Thisisan estimate of the distance travelled by the by usi ng more dataand narrower stri ps.

car (in metres) between the 2 sets of traffic lights.

In each of the following:

draw a vel ocity-time graph on a graphic calculator or spreadsheet
describe what happens during the given timeinterval

estimate the distance travelled
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Integration

The areaunder agraph betweenx=a andx=b
is:

x=b
A=1lim § y& = o:ydx

X ® 0 x=a

Thismeansthe limit of the sum of rectangles of
areay ok as dx tends to zero.

Theincrement of areadA =y dx

This can be written asy = %A‘ .

The limit of A asdk tends to zerois% <«
& dx

i.e. the derivative of A with respect to x.

SoA= obydx iIsequivalent toy = %
a dx

Rules of Integration

y
A

Y

Areaunder agraph

If the areaunder agraphisdivided into
very narrow strips, each stripis
approximately rectangular in shape.

dA

/

0 a

N,
r g
X

I.e. the gradient of agraph of A against x.

Integration istheinverse

of differentiation.

Reversing differentiation givesthe rules shown:
dy _

eg y =5x gives

0 bde =5x

In general, for any constantk, ¢k dx =kx

1 : dy
Also == x? ives —2 =X
y 2 g dx
0 ‘xdx—lxz
0 2
1 . dy 2
and ==x® (gives -2 =X
y 3 g dx
0 e dlex3
0 3
Xn+l
In general, Ax"dx =
g 0 n+1

The derivative of aconstant iszero. Thismeans
that when a constant is differentiated it
disappears. When integrating a constant appears
—thisiscalled the constant of integration.
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Expression Integral
k (constant) kx +cC
X2

X — +cC
2
3

X2 X +c
3
4

X3 X e
4
5

x* X i
5

n+1

X" X+
n+1

+1

o kx' ‘e
n+1

6x° 2XZ+x+c
6x% —2x + 1 3
=2C x>+ x+c

where cisthe constant of integration.

Becausethevalue of the constant isnot
known (unless more information is
given), these are known asindefinite

intanrale
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Finding areas by integration

Areaunder agraph

The areaunder agraph of afunction isfound by
subtracting the value of the integral of the
function at the lower limit from itsvalue at the
upper limit. The example below showsthe
method and notation used.

Example Find the area under the curve
y =2 -9 +12x+6
between x =1 andx =3

A= g (27 9x? +12x+ 6)dx

é2xt 9x® 12x? o
=e—- + +6Xy
e 4 3 2 0y

3

4 N
X 0

= a—- 3+ 6x% + 6Xy
&2 0y

4

=a—-3 3+6 3+6 3uu
2 i

c

(14
O T LY

e

o

=[40.5- 81+54+18] — [0.5- 3+6+ 6]
A =22
The shaded areais 22 square units.

I n each case:

y=2¢ -9 +12x + 6

0 1 3 “x
lower limit upper limit

The sketch showsthe arearequired.

The constant of integration has been
omitted because it would bein both
parts—it always disappears when the
parts are subtracted, soisnormally left
out of the working.

Because integration with limits does not
givearesult involving an unknown
constant, it is known asdefinite
integration.

Integration can be used to find the area
of any shape aslong asits boundaries
can be written asfunctions of x.

use a graphic calculator or spreadsheet to draw a graph of the function
integrate to find the area under the graph between the given values of x.

1 y=3%*betweenx =1andx =2 6
2 y=2¢ betweenx = 0 andx =2 7
3 y=x*+4betweenx=0andx=3 8

4 y=6x—x" betweenx=0andx=6

5 y=x>+1betweenx=2andx=4

y=4x* —x + 4 betweenx = 1 andx = 3
y = x> —4x% + 4x betweenx = 0 and x = 2

y=32—x betweenx = 0andx =2

y:g betweenx=1andx=5
X

10 y=C betweenx =1 andx =4
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M or e about velocity-time graphs

Areaunder agraph

In velocity-time graphs the area gives the distance

travelled. The following examplesrework some
of the previous examples using integration.

Example
Find the distance travelled when a car travels at a
constant velocity of 70 mph for 2 hours.
s =g 70 = [701];
=[70" 2] = [70° 0] =140
The car travels 140 miles.

Example

Find the distance travelled when a car accelerates
steadily to avelocity of 22 yards per secondin
10 seconds.

’ , 10
s=gq 22tdt= gZ'Zt q =[]y
& 2 G

= L1 10°]- .1 0?] =110

The car travels 110 yards.

Example

Thevelocity of acar asit travels between two sets
of traffic lightsis modelled by v = 0.25t(12 —t)
where v isthe velocity in metres per second andt
isthe timein seconds.

Find the distance travelled.

12

s=gq (-025%)dt

63’ 025t°u"

é
§2 3 g

_ 63122 0.25 12%u

= , —[0]=72
6 2 3

The car travels 72 metres.
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Inthiscasevisusedinstead of y
andt instead of x. Thedistanceiss.

v mph
A v=T70
70
s
0 2 t hours

(intercept = 0, gradient = 2.2)

v yards's
A oot
» v=2
S
0 10 t seconds
vimst
A v=0.25(12 —t)
9
0 6 12>
t seconds

Comparethe answersfrom these
examples with those given earlier.
Useintegration to check your answers
tothe questions at the bottom of

page 1.
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The functions given below can be used to model the velocity v metres per second at timet
seconds for the examples given in questions 1 to 4 at the bottom of page 2.

I n each case:

use a graphic calculator or spreadsheet to draw the graph of the model and compare
theresult with the graph you drew earlier

useintegration to estimate the distance travelled over the given timeinterval and
comparetheresult with your earlier answer.

1 v=5 betweent =0andt =8
2 v=5+4—-04t° betweent=0andt=5
3 v=21t°—5t+25 betweent =0andt =10

4 v=20-6C betweent =0andt =9

Each of thefollowing functions model s the vel ocity v metres per second in terms of the
timet seconds. In each case:

use a graphic calculator or spreadsheet to draw the graph of the model
briefly describe how the velocity varies over the given timeinterval

integrate to find the distance travelled between the given values of t.

5 v=0.152 betweent =0andt =8
6 v=8-t° betweent =0 andt =2
7 v=t’—4t+4 Dbetweent=0andt=4

8 v=2-05 betweent =0 andt =16
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Teacher Notes

Unit  Advanced Level, Modelling with calculus

Skillsused in this activity:
finding areasunder graphs
estimating areasusing trianglesand trapezia
integrating polynomial functions
Preparation
Students need to know how to use agraphc cal culator or spreadsheet to draw graphsfrom aset of data
values or given functions and how to find the area of rectangles, triangles and trapezia.

Notes on Activity
Thisactivity uses areas under vel ocity-time graphsto introduce integration.

The main points are also included in thePowerpoint presentati on of the same name.
If your students have cal culatorsthat can integrate, this method could be used to check their answers.

Theanswersto the questions, including sketches of the graphs, are given on thefollowing two pages.
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w

Answers
Page 1 _ v mph
1 vmph 195 miles 2 A 44 yards
A 36
65
5 3 s 0 5  tseconds
v mph 132 yards 4 )/\mph 242 yards
A
70
60
40 T
30
> 0 9 >
0 6
 soconds t seconds
Page 2
1 2
vimst
A vims?

14.1 Accelleram from ) A Accelerates from
Oms™ to141ms’ 15 5ms? to15ms™?
in 8 seconds in 5 seconds

> 5
0 8 74.45 m >» 58.25m
t seconds 0 5
t seconds
3 4 v st
vist Decelerates from A Decelerates from
i} 1 20 20mstto2ms™
252ms toOms ‘
25 in 10 seconds \ in 9 seconds
2
1> 73.1m
- 85m 0 9
o' 10 t seconds
t seconds
Page 4
1 2 Y y=2 3, y=x2+4
Y A : 3X2 16 YA
12 ot 13
- 8 21
i JR R— o 4 -
0 1 5 rx 0 2 X 0 3 X
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_ 3 — 22
4 y y:6x—x2 5 YA Y=X+1 6 y)\ y=4X°—x+4
65 37
9
//\ 36 62 3B
o 9 e A —
0' 4 > >
3 6 x 0 2 X 0 1 3 X
y
7 A y = — 4%+ 4x 8 - y=32-x
1 11 534
3
\ 0' 2 > X
0 2 X
y
9 A 10 y
10 A y= ,\/;
10
Y=— 8 2
X 42
0.4 L5 1 4 ;(
0 1 5 x
Page 6
1 754 m(3sf) 2 58:m 3 8:m 4 72m
(Graphsvery similar to sketches given for Page 2.)
-1 -1
5 VM v=0.152 5 xms
06 Accelerates from 8 v=8-t> Decel erates from
0ms? t096ms™ 8ms~ to0Oms
in 8 seconds In 2 seconds
w 256m o 12m
0 2 tseconds 0 2 "t seconds
7 vms? Decelerates from g vns! Decelerates from
A , 4ms? toOms™ A 2mst tooms™
4| V=t —4f+4 in 2 seconds, then v=2- 05/t in 16 seconds
\ acceleratesto 4 ms™
/[ in the next 2 seconds 102 m
N ] s
0 2 4 t seconds 0 16 t seconds
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