Basic Concepts
of Integration 14.1

'
\_\' Introduction
df

When a function f(x) is known we can differentiate it to obtain its derivative 5. The reverse
process is to obtain the function f(z) from knowledge of its derivative. This process is called
integration. Applications of integration are numerous and some of these will be explored in
subsequent Blocks. For now, what is important is that you practice basic techniques and learn
a variety of methods for integrating functions.
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1. Integration as Differentiation in Reverse

Suppose we differentiate the function y = x2. We obtain % = 2x. Integration reverses this

process and we say that the integral of 2z is 2%. Pictorially we can regard this as shown in

Figure [
/ differentiate \

x? 2x

\ integrate ‘/

Figure 1.

The situation is just a little more complicated because there are lots of functions we can differ-
entiate to give 2x. Here are some of them:

2 + 4, z? — 15, 2405

Now do this exercise

Write down some more functions which have derivative 2zx.

All these functions have the same derivative, 2z, because when we differentiate the constant
term we obtain zero. Consequently, when we reverse the process, we have no idea what the
original constant term might have been. So we include in our answer an unknown constant, ¢
say, called the constant of integration. We state that the integral of 2x is 2° + c.

When we want to differentiate a function, y(x), we use the notation % as an instruction to
differentiate, and write % (y(x)) In a similar way, when we want to integrate a function we use
a special notation: [ y(z)dz.

The symbol for integration, [, is known as an integral sign. To integrate 2z we write

_ 5] 2 dz = 22 + ¢
integral 7 » »

sign

this term is constant of integration

called the

integrand there must always be a

term of the form dx

Note that along with the integral sign there is a term of the form dx, which must always be
written, and which indicates the variable involved, in this case z. We say that 2x is being
integrated with respect to x. The function being integrated is called the integrand. Technically,
integrals of this sort are called indefinite integrals, to distinguish them from definite integrals
which are dealt with subsequently. When you find an indefinite integral your answer should
always contain a constant of integration.
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More exercises for you to try

1 a) Write down the derivatives of each of:

3,

b) Deduce that [ 3zdz = 2® + .

3+ 17, 3 —21

2. What is meant by the term ‘integrand’?
3. Explain why, when finding an indefinite integral, a constant of integration is always

needed.

2. A Table of Integrals

[Answer]

We could use a table of derivatives to find integrals, but the more common ones are usually
found in a ‘Table of Integrals’ such as that shown below. You could check the entries in this

table using your knowledge of differentiation. Try this for yourself.

Table of integrals

function indefinite integral
f(z) [ f(x)d
constant, £ kx +c¢
x %xQ +c
x? s+ ¢
:L.n—i-l
" +c, n#-1
1 n+1 7
rt(or =) Inl|z|+c
T
CcoS T sinx +c¢
sin x —cosx + ¢
coskx Z sinkx + ¢
sin kx —Z coskx + ¢
tan kx % In | sec kz|+c
e’ e +c
e ” —e T +c¢
eh® —eM 4 ¢

When dealing with the trigonometric functions the variable x must always be measured in
radians and not degrees. Note that the fourth entry in the table is valid for any value of n,
positive, negative, or fractional, except n = —1. When n = —1 use the fifth entry in the table.
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Example Use the table above to find the indefinite integral of 27: that is, find [ 27dx

Example Find the indefinite integral of cos5x: that is, find [ cosbz dz

In the table the independent variable is always given as x. However, with a little imagination
you will be able to use it when other independent variables are involved.

Example Find [ cos5tdt
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Example Find the indefinite integral of 1: that is, find [ 1 dx

Solution

This integral deserves special mention. You may be tempted to try to write the integrand as
n+1 . -

z~! and use the fourth row of the Table. However, the formula [ z"dz = -~ :1 + ¢ is not valid

when n = —1 as the Table makes clear. This is because we can never divide by zero. Look to

the fifth entry of the Table and you will see [z~!dz =In|z| +c.

Example Find [12dz

Solution
In this example we are integrating a constant, 12. Using the table we find

/ 12dx = 122 + ¢
Note that / 12dt would be 12¢ + c.

Now do this exercise

Find [¢*d¢
Answer
Now do this exercise
Find [ %dx
Use the laws of indices to write the integrand as x5 and then use the Table. [Answer]
Now do this exercise
Find [ e *dz.
Use the entry in the table for integrating €. [Answer]
More exercises for you to try
1. Integrate each of the following functions:
a) 22, b) z1/2, c) 173, d) 1/z4, e) 4, ) \/, g) e'®
2. Find a) [#*dt, Db) [6dt, c) [sin3tdt, d) [e™dt.
3. Find [ e dt.
[Answer]

3. Some Rules of Integration

To enable us to find integrals of a wider range of functions than those normally given in a table
of integrals we can make use of the following rules.
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The integral of & f(z) where & is a constant

A constant factor in an integral can be moved outside the integral sign as follows:

Example Find the indefinite integral of 1122: that is, find [ 112%dx

Example Find the indefinite integral of —5 cosz; that is, find [ —5cosz dz

The integral of f(x) + g(x) or of f(z) — g(z)

When we wish to integrate the sum or difference of two functions, we integrate each term
separately as follows:
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Example Find [(2® + sinz)dx

Solution
23 +sinz)dzr = [ 23dz+ [ sinzdr = 1z* —cosz +c
( ) i

Note that only a single constant of integration is needed.

Now do this exercise
Find [(3t* 4+ /%) dt
You will need to use both of the rules to deal with this integral.

Answer
Now do this exercise
The hyperbolic sine and cosine functions, sinh x and cosh z are defined as follows:
T _ -z T —x
sinhx = c° coshx = ere’
2 2
Note that they are simply combinations of the exponential functions e and e™™.
Find the indefinite integrals of sinh x and cosh x.
[Answer]
Further rules for finding more complicated integrals are dealt with in subsequent Blocks.
More exercises for you to try
1. Find [(2z — e”)dx
2. Find [ 3e*dx
3. Find [ 3(z + cos2z) dx
4. Find f?x*de
5. Find [(z + 3)%dz, (be carefull)
Answer
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4. Computer Exercise or Activity

For this exercise it will be necessary for you to access the
computer package DERIVE.

DERIVE can be used to obtain the indefinite integrals to most
commonly occurring functions.

For example to find the indefinite integral of cos 3x you would key in Author:Expression cos(3z)
followed by Calculus:Integrate. Then, in the Variable box choose x and in the Integral box
choose Indefinite. On hitting the Simplify button DERIVE responds
SIN(3 - z)

3
Note that the constant of integration is usually omitted.

As a useful exercise use DERIVE to check the table of integrals on page 3. Note that the integral
for ™ is presented as
"t -1
n+1
which, up to a constant, is the correct expression.
Also note that DERIVE gives integrals involving the natural logarithm without using modulus
signs: so that the indefinite integral of % is presented as In x.
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End of Block 14.1
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eg. 2> —7 22+0.1

IBack to the theorv]
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1. 322

322

312
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Jttdt = 1t° +c.

[Back to the theoryl
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With k = —2, we have [e *dz = —Lle ™ +c=—-le ™ +c.

[Back to the theoryl
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la) sz +c, b) 2232 4 ¢, ¢) —3z 2+, d) —327% +¢, e) 4z + ¢,
f) same as b), g) se* +¢

2.a) 5t+¢, b)6t+c, ¢) —tcos3t+c, d) e +c

3. et +¢

Back he theor

Engineering Mathematics: Open Learning Unit Level 1

15
14.1: Integration



55 4+ 2432 4 ¢

[Back to the theoryl
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[sinhzdr =1 [e*dz —1 [e®dz =1e”"+1e™® =1(e"+e™) 4+ ¢ = coshz + c. Similarly

[ coshadz = sinhx + c.

|Back to the theory|
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1. 22—e*+¢ 2.

[Back to the theoryl

] [oV]

e? 4 ¢ 3. %x2+%sin2m—|—c 4. —%—&—c 5. %x3+3x2+9m—|—c
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